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Abstract
It is well known that the Smarr formula does not hold for black holes in
non-linear electrodynamics. The main reason for this is the fact that the
trace of the energy momentum tensor for nonlinear electrodynamics does
not vanish as it is for Maxwell’s electrodynamics. Starting from the Komar
integral, we derived a new Smarr-type formula for spherically symmetric
static electrically charged black hole solutions in nonlinear electrodynamics.
We show that this general formula is in agreement with some that are
obtained for black hole solutions with nonlinear electrodynamics.
1 Introduction
Smarr formula is a relation connecting the mass of a black hole with other ge-
ometrical and dynamical parameters of a black hole, such as spin J , charge Q,
and the electromagnetic potential Φ. For example, the Smarr formula express
the mass M of a Kerr-Newman black hole as
M = 2THA + 2ΩHJ + ΦHq , (1)
1
where A represents the area of the horizon, J the angular momentum, TH the
Hawking temperature on the horizon, ΩH the angular velocity and ΦH the electric
potential. This formula was obtain by applying Euler’s theorem for homogeneous
functions [1]. In the case of the Reissner-Nordstrom black hole the corresponding
Smarr formula simplifies to be
M = 2THA+ ΦHq . (2)
It is also possible to obtain the Smarr formula using the Komar integral [2],
which yields
M = − 1
4pi
∮
H
dSµν∇µξν +
∫
Σ
dSµ(2T
µ
ν − Tδµν )ξν , (3)
where ξµ is the time-like Killing vector on the manifold M, dSµν is the surface
element on the horizon H , dSµ denote the element volume on Σ which is bounded
by the horizon H and the infinity.
Smarr formula has been obtained for black holes in various theories and di-
mensions as follows: Killing symmetries and a Smarr formula for black holes in
arbitrary dimensions were studied by Banerjee et.al. [3]. In a similar work, a
Smarr formula for rotating black holes in arbitrary dimensions was derived in
Refs. [4, 5]. Smarr relation for SU(2) Einstein-Yang-Mills-dilaton theory was
derived by Kleihaus et.al. [6] and for Einstein-Maxwell-dilaton black holes was
derived by Liu et.al. [7]. Smarr formulas also have been found for black hole in
Einstein-Aether theory [8], for Lorentz breaking gravity [9], for Lovelock gravity
[10, 11], and for black holes in three dimensional gravity [12]. A geometric deriva-
tion of the Smarr formula for static AdS black holes was presented in Ref. [13].
A generalized Smarr formula for charged black holes was obtained from a scaling
law in Ref. [14]. Thermodynamics and Smarr formula of black holes in nonlinear
electrodynamics including a term P-V have been treated in Refs. [15, 16].
Non-linear electrodynamics has several applications in physics. For exam-
ple, in quantum-electrodynamics, polarization of the vacuum leads to non-linear
effects which do not occur in the tree level Maxwell’s electrodynamics. Such
interactions are given by the Euler and Heisenberg effective Lagrangian [17].
Non-linear electrodynamics also has been explored in cosmology. For example, a
non-singular FRW cosmology can be obtained by combining a model of non-linear
electrodynamics with Einstein’s gravity [18]. In another interesting work, cosmo-
logical origins of non-linear electrodynamics has been studied [19]. Born-Infeld
electrodynamics, which was developed initially to cure the divergences of a point
charge [20] also has attracted lot of attention due to its relation to string theory
[21, 22, 23, 24, 25]. When non-linear electrodynamics is coupled to Einstein’s
theory, one can obtain black hole solutions which are regular [26]. The aspects
of such black holes will be discussed in detail in section 2. In black holes arising
from non-linear electrodynamics, the light rays do not follow the null geodesics,
but, follow a path defined by an effective metric [27].
Given the importance of non-linear electrodynamics in physics and black holes,
the studies of thermodynamical quantities and expressions such as first law of
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thermodynamics and Smarr formula take an important place. The main goal of
the present work is to find a Smarr formula for charged black holes with non-
linear electrodynamics sources. Such a formula must account for the fact that
the energy-momentum tensor has a non-vanishing trace in non-linear electrody-
namics.
This article is organized as follows. In Section 2, we will given an introduction
to black holes in non-linear electrodynamics. In section 3 we will show that
charged black hole solutions in non-linear electrodynamics do not obey the Smarr
formula as we know it, but rather an inequality is obtained between the mass
M of the black hole and the thermodynamic quantities. We show with three
examples that the inequality has no exclusive direction. Making use of the Komar
integral we obtain an equality, that is to say a Smarr-type formula for such black
holes. In Section 4, we apply the Smarr-type formula we obtained to known cases
of non-regular black holes with non-linear electrodynamics, and we consign the
respective formulas of the first law that various authors have obtained. In section
5, an interpretation of the Smarr formula obtained will be done. In section 6
we will make comments on the first law of thermodynamics with regard to black
holes in non-linear electrodynamics. Finally, in Section 7, conclusions are given.
2 Black holes in non-linear electrodynamics
In general in the case of theories of gravity coupled to nonlinear electrodynamics,
the action is given by
S =
∫
d4x
√−g
[
R
16pi
− L(F )
]
, (4)
where g is the determinant of the metric tensor, R is the Ricci scalar and L(F )
the Lagrangian density describing non-linear electromagnetic theory dependent
on F = F µνFµν/4. There are may black hole solutions in the literature where
non-linear electrodynamics is coupled to gravity. One of the well known solutions
is the Bardeen black hole [28] which is a regular black hole solution which does
not behave as Reissner-Nordstro¨m black hole asymptotically. Inspired by the
Bardeen black hole, Ayo´n-Beato and Garc´ıa in Ref. [29] reported another changed
black hole which is a regular black hole solution and asymptotically behaves as
Reissner-Nordstro¨m black hole. Other charged black hole solutions are reported
in Refs. [30, 31, 32, 33, 34, 35, 36, 37, 38]. These are in essence theories that
can be obtained using F-P dual representation [39], where the electromagnetic
Lagrangian is expressed by the function H(P ) and the fields Pµν instead of the
Lagrangian density L(F ) and the electromagnetic field tensor Fµν . They are
related by the Legendre transformation L = PµνF
µν − H . However, in what
follows we will carry out our calculations in terms of the fields F instead of P .
Let us note that these Lagrangians L(F ) (or H(P )) include the parameter M
that is associated with the mass of the black hole (see for example Eq. (56) of
the Appendix that is included at the end of this article).
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On the other hand, there are also another charged black hole solutions that
are obtained by using theories of non-linear electrodynamics, whose Lagrangians,
unlike the regular solutions mentioned above, do not depend on the mass param-
eter M of the black hole. The best known examples of this type are undoubtedly
the Born-Infeld Lagrangian [20, 40] and the Euler-Heisenberg Lagrangian [41].
Other examples are given by Refs. [42, 43, 44, 45, 46].
From the action in Eq. (4), we obtain the Einstein’s field equation
Rµν − 1
2
Rgµν = 8piTµν , (5)
where the energy momentum tensor has the form
4piTµν = gµνL(F )− FµαF αν LF , (6)
here LF = dL/dF . We consider the following line element for the most general
static and spherically symmetric solution
ds2 = −f(r)dt2 + f(r)−1dr2 + r2(dθ2 + sin2 θdφ2) , (7)
where f(r) is an arbitrary function of the coordinate r and the horizons are the
roots of the function f(r). We consider electrically charged solutions, hence,
F01 = −F10 = E(r) (8)
is the only non zero components of the electromagnetic tensor. Hence
F = −1
2
E2 . (9)
Hence, the energy-momentum tensor is given by,
4piT 00 = 4piT
1
1 = L+ E
2LF , (10)
4piT 22 = 4piT
3
3 = L . (11)
From the action we can obtain the field equations
(F µνLF );ν = 0, (
∗F µν);ν = 0 , (12)
where ∗F µν is the dual electromagnetic tensor. From the above equations, it
follows that,
ELF =
q
r2
. (13)
3 A Smarr-type formula for charged black holes
with nonlinear electrodynamics
For the Reissner-Nordstrom black hole, which is a solution of Einstein-Maxwell
theory, the Smarr formula given in Eq. (2) can be derived using the homogeneity
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of the mass M as a function of
√
A and Q. In black holes in non-linear electrody-
namics, the homogeneity of mass as a function of
√
A and Q no longer holds and
one cannot expect the relation in Eq. (2) to hold [47, 48]. In fact we will demon-
strate in the following three examples of black holes in non-linear electrodynamics
coupled to gravity that indeed the relation does not hold.
If we express the examples in terms of the line element given in Eq. (7), then
f(r) example given in Ref. citeAyonBeato:1998ub is expressed as
f(r) = 1− 2
r
(
Mr3
(r2 + q2)3/2
− q
2r3
2(r2 + q2)2
)
. (14)
In this case, it can be shown numerically that
M > 2THA+ ΦHq , (15)
where the electric potential is
ΦH =
∫ ∞
rh
E dr =
q
rh

 1(
1 + q
2
r2
h
)3 − 3Mrh
2q2
(
1 + q
2
r2
h
)5/2

+ 3M2q . (16)
The temperature TH is given by,
TH =
1
4pi
∣∣∣∣∣dgttdr
∣∣∣∣∣
r=r+
(17)
and the area A = 4pir2+.
As a second example, if we consider the regular black hole solution reported
in Ref. [35], f(r) is given by,
f(r) = 1− 2M
r
(
1− q
2
(q6 + 8M3r3)1/3
)
, (18)
we obtain the following inequality
M < 2THA+ ΦHq . (19)
Here the electric potential is given by
ΦH =
∫ ∞
rh
E dr =
q
rh


1 + 3q
8
32M3r3
h(
1 + q
8
8M3r3
h
)4/3

 . (20)
As third example, lets us consider the Born-Infeld black hole solution given
by,
f(r) = 1− 2M
r
+
2b2
r
∫ ∞
r


√
r4 +
q2
b2
− r2

 dr , (21)
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where the electric potential is [51]
ΦH =
q
rh
2F1
(
1
4
,
1
2
;
5
4
;− q
2
b2r4h
)
, (22)
In this case it can be shown numerically that inequality (19) is also satisfied
(see Appendix A).
In contrast to the Maxwell theory, in nonlinear electrodynamics the energy-
momentum tensor has a non-vanishing trace, which is precisely related to the
direction of inequality, as we will observe later.
In particular, when we consider electrodynamics of Maxwell theory where
the trace of the associated energy-momentum tensor vanishes, we arrive at the
expression (2). If, on the other hand, we consider a theory with a non-vanishing
trace of energy-momentum tensor, as in the case of charged regular black hole
solutions, then we must have an extra term in the expression (2), as we shall
hereafter show.
Now let’s use the Komar integral [49] to find a Smarr-type formula for charged
regular black holes. We will write the Komar integral for the mass evaluated at
the infinity boundary as a sum of a integral over a closed surface at the horizon
H and a integral on the volume Σ which is bounded by the horizon H and the
infinity as,
M = − 1
4pi
∮
∞
dSµν∇µξν = − 1
4pi
∮
H
dSµν∇µξν − 1
4pi
∫
Σ
dSµR
µ
νξ
ν , (23)
where dSµ denote the volume element on Σ, dSµν denote the surface element on
H and ξµ is a time-like Killing vector.
By considering the Einstein’s fields equations, and writing the known result
for the first integral we obtain
M =
κA
4pi
+
∫
Σ
dSµ(2T
µ
ν − Tδµν )ξν . (24)
where A is the area of the surface at the horizon and κ is the surface gravity .
It follows from Eqs. (10) and (11) that
4pi(2T 00 −
1
2
T ) = 2L+ 2E2LF − 2L− E2LF = E2LF = q
r2
E , (25)
and hence
M =
κA
4pi
+
1
4pi
∫
Σ
dSµ
q
r2
E − 1
2
∫
Σ
dSµTδ
µ
ν ξ
ν . (26)
Notice that E is the electric field obtained from the non-linear electrodynamics
considered, which asymptotically behaves as q/r2. Finally
M =
κA
4pi
+ ΦHq −
∫
V
dV ω , (27)
where ΦH is the electric potential. We have followed the notation introduced in
Ref. [50] and introduced the parameter work density ω, given by ω = T/2.
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Returning to the first two solutions mentioned at the beginning of this section,
we can compute ω and
∫
V dV ω. For the solution given by Eq. (14), we obtain the
following expression for the work density
ω =
3Mq2 (4q4 + 3q2r2 − r4) + 6q4 (r2 − q2)√q2 + r2
8pi (q2 + r2)9/2
, (28)
and therefore
∫
V
dV ω =
1
2
[
M
(
1− (4q
2 + r2h) r
3
(q2 + r2h)
5/2
)
+
2q4r3h
(q2 + r2h)
3
]
, (29)
Here we can numerically show that
∫
V dV ω < 0.
For the solution given by Eq. (18), we find that
ω =
4M4q8
pi (8M3r3 + q6)7/3
, (30)
so that ∫
V
dV ω =
Mq8
2 (8M3r3h + q
6)
4/3
. (31)
In the latter case it is straightforward to note that
∫
V dV ω > 0.
4 Application of the result to known cases
Various expressions of the first law of thermodynamics have been given for charged
black holes obtained from a theory of non-linear electrodynamics where the trace
of energy-momentum tensor is non-zero. They are only applicable for some of
the solutions that are known. However, they are all consistent with the Smarr
formula given by Eq. (27).
i) In the Ref. [51], the authors considered the Born-Infeld black hole solution
whose metric function is given by Eq. (21). They obtained the first law of ther-
modynamics in the form dM = TdS + ΦHdq +BHdb, where
BH =
2
3
b r3h

1−
√√√√1 + q2
b2r4h

+ q2
3brh
2F1
(
1
4
,
1
2
;
5
4
;− q
2
b2r4h
)
, (32)
and 2F1(a, b; c; z) is the Gauss hypergeometric function. Here the respective
Smarr formula is M = 2TS + ΦHq − BHb, which is in agreement with Eq. (27),
that is BHb =
∫
V dV ω, where
ω =
1
4pi
√
1 + q
2
b2r4

q2
r4
− 2b
2
r2


√
r4 +
q2
b2
− r2



 . (33)
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The authors in Ref. [51] interpreted the quantity BH as the vacuum polarization
of the Born-Infeld theory.
ii) Another expression that has been obtained is presented in Ref. [52], where the
metric function considered is
f(r) = 1− 2M
r
− 2q
3rµ−1
α(rν + qν)µ/ν
, (34)
where µ ≥ 3 and ν > 0 are dimensionless parameters. Here the authors obtain
the first law in the form dMADM = TdS + ΦHdq +ΠHdα, where
ΠH =
q3
4α2


[
1 + (µ+ 1)
(
q
rh
)ν] [
1 +
(
q
rh
)ν]−µ+ν
ν − 1

 , (35)
and
ω =
µ qν+3 rµ−3
8piα
[(1 + µ)qν + (1− ν)rν ]
(rν + qν)
µ
ν
+2
, (36)
and derive the Smarr formula to be MADM = M + q
3α−1 = 2TS +ΦHq + 2ΠHα,
which is also in agreement with Eq. (27).
iii) Another case that we can mention corresponds to the gravity model coupled
to nonlinear electrodynamics given in Ref. [53] in four space-time dimensions with
f(r) = 1− A
r
+
B
rs
, (37)
where
s =
2
2p− 1 , (38)
and p is a rational number with an odd denominator. Here the Smarr formula
obtained is [54] M = 2TS + ΦHq/p, which is in agreement with Eq. (27) where∫
V dV ω = (1− 1/p)ΦHq.
iv) Finally, we can mention two other cases for which the respective Smarr formula
is obtained in Ref. [55]. One of them corresponds to the solution given in Ref. [42]
f(r) = 1− 2M
r
− 4β
2r2
3
[
5
3
(√
1 +
q2
β2r4
− 1
)
− ln

1 +
√
1 + q
2
β2r4
2


−4
3
q2
β2r4
2F1
(
1
4
,
1
2
;
5
4
;− q
2
β2r4
)
] . (39)
Whose work density is
ω =
β2
pi


√
q2
β2r4
+ 1− 2 ln

1 +
√
1 + q
2
β2r4
2

− 1

 , (40)
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and therefore
∫
V
dV ω =
14
9
β r3h

1−
√√√√ q2
β2r4h
+ 1

+ 4
3
β r3h ln


1 +
√
1 + q
2
β2r4
h
2


+
4q2
9β rh
2F1
(
1
4
,
1
2
;
5
4
;− q
2
β2r4h
)
. (41)
v) The other solution considered is inspired by one of the black hole solutions in
Ref. [43] with
f(r) = 1− 2M
r
− β
2r2
6

1 + 6qβr3
∫
dr


√√√√W
(
4q2
β2r4
)
− 1√
W
(
4q2
β2r4
)



 (42)
where W is Lambert’s W function. In this case we obtain the following result
ω =
β
4pir2

q
(
W
(
4q2
β2r4
)
− 2
)
√
W
(
4q2
β2r4
) + βr2

 , (43)
and
∫
V
dV ω =
1
4
βq


rh
(
W
(
4q2
β2r4
h
)
− 1
)
√
W
(
4q2
β2r4
h
) +
∫
dr
W
(
4q2
β2r4
h
)
− 1√
W
(
4q2
β2r4
h
)

+
β2r3h
6
. (44)
Note that both black hole solutions given above asymptotically behave as the
Reissner-Nordstro¨m solution. In addition, both solutions obey a Smarr formula
given by M = 2TS +ΦHq −BHβ, which is also in agreement with Eq. (27), and
where β is a nonlinearity parameter and
BH = β
−1
∫
V
dV ω . (45)
5 Interpretation of the additional term in the
Smarr formula
From relations obtained above we can infer two results. The first is that when
we calculate M in Eq. (24), there is a part of the trace related to the work due to
nonlinear electric potential, so it is the manifestation of a force acting on charged
matter. Then the term
∫
dV ω also must be a work due to a force acting on
charged matter.
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It has been proposed in Refs. [56, 57] that the effects of trace of the energy-
momentum tensor in nonlinear electrodynamics are analogous to those that pro-
duces a cosmological constant. The idea is to separate the energy-momentum
tensor into two parts, that is Tµν = T µν + gµνT/4, where the bar denotes the
traceless remainder. Assuming there is a cosmological constant, we can write the
Einstein field equations as
Rµν − 1
2
gµνR = 8piT µν + 8pigµν(
T
4
+
Λ
8pi
) . (46)
Hence the second result is that when considering a black hole solution with cos-
mological constant a Smarr type formula is obtained, where the cosmological
constant plays the role of thermodynamical variable, analogous to pressure. The
last term in the Eq. (27) in a sense looks like the term −2PV which appears
in the Smarr formula when we consider AdS black holes, where P = −Λ/(8pi).
However, in our case the term ω depends on the integral.
On the other hand, we can consider the energy conditions that satisfies the
respective energy-momentum tensor as was done in Ref. [58], where the Bose-
Dadhich relation [59] was studied for regular black holes [60]. Similarly, inequal-
ities given in Eqs. (15) and (19) can be explained by the energy conditions the
respective energy-momentum tensor of the black hole considered.
In our analysis, let us consider two energy condition: the weak energy condi-
tion (WEC) which states that T µνtµtν ≥ 0 for all timelike vectors t, that is, the
local energy density measured by any observer cannot be negative. And the dom-
inant energy condition (DEC) which states that T µνtµtν ≥ 0 and T µνtµ must be
a non-spacelike vector for all timelike vectors tµ, or equivalently that T
00 ≥ |T µν |
for each µ, ν, that is, the flow of energy associated with any observer cannot
travel faster than light. Note that the DEC includes the WEC.
If we now consider the line element given by Eq. (7) with f(r) = 1−2m(r)/r,
then the components of energy-momentum tensor are [32]
T 00 = T
1
1 =
2
8pir2
dm(r)
dr
, T 22 = T
3
3 =
1
8pir
d2m(r)
dr2
, (47)
and the energy condition can be expressed in terms of the mass function. There-
fore the WEC is equivalent to requiring that the mass function satisfies both
1
r2
dm(r)
dr
≥ 0 , (48)
and
2
r
dm(r)
dr
≥ d
2m(r)
dr2
. (49)
Meanwhile the DEC is equivalent to requiring that the mass function satisfies
both inequality (49) and
2
r
dm(r)
dr
+
d2m(r)
dr2
≥ 0 . (50)
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Hr mHrLL
rh
Figure 1: Typical graph of d(rm(r))/dr vs r for regular black hole solution which
satisfy the DEC everywhere. Notice that the function d(rm(r))/dr converges
from below to M as r −→∞. (The numbers on the axes are proportional to M).
For its part,
∫
dV ω =
∫ ∞
rh
dr
(
dm(r)
dr
+
1
2
d2m(r)
dr2
)
=
1
2
d(rm(r))
dr
|r=∞ − 1
2
d(rm(r))
dr
|r=rh .
(51)
The results obtained for the examples mentioned, can be expressed in a general
way, noting that
d2(r m(r))
dr2
= 2
dm(r)
dr
+ r
d2m(r)
dr2
, (52)
and since we are considering r ≥ 0, is straightforward to show that if a regular
black hole solution satisfies the DEC everywhere, then it satisfies the inequality
given in Eq. (19) or the equality (2). This can be shown in Figure 1, where the
graph of d(rm(r))/dr vs r allows us to appreciate that when the slope is always
positive, i.e. complies with DEC, then d(rm(r))/dr evaluated at infinity is greater
than when is evaluated at rh, that is
∫
dV ω ≥ 0.
On the other hand, using a similar argument, if the black hole solution com-
plies an inequality as given in Eq. (15), then the solution violates the DEC in
some interval. Particularly for the solution given in Eq. (14), which is illustrated
in Figure 2, we have that d(rm(r))/dr evaluated at rh is greater than when it is
evaluated at infinity, which implies that the slope is negative somewhere, that is
the DEC is violated in some interval.
In summary, if the energy-momentum tensor of the solution satisfies the DEC
everywhere, then it obeys a relation as (19). And if a solution obeys a relation
as (15), then it violates the DEC somewhere regardless of whether it satisfies the
WEC. Note that the implication is to one side only, examples that show that the
logical equivalence is not satisfied are given in Ref. [58].
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Figure 2: Typical graph of d(rm(r))/dr vs r for regular black hole solution which
violate the DEC somewhere but satisfy the WEC everywhere. Notice that the
function d(rm(r))/dr converges from above to M as r −→∞.
6 Comments on the first law of thermodynamics
for black holes in non-linear electrodynamics
According to the form of its metric function, we can classify the black hole so-
lutions with non-linear electrodynamics in two ways. The first one refers to the
solutions whose metric function can be written as follows
f(r) = 1− 2M
r
+
q
r2
G1(q, β, r) . (53)
where G1 is a function that can be expanded in term of β, the nonlinear parame-
ter, which appears in the respective expression of the first law of thermodynamics,
that is dM = TdS +ΦHdq +BHdβ. Black hole solutions (21), (39) and (42) are
examples that illustrate this case.
On the other hand, for some of the regular black hole solutions obtained with
non-linear electrodynamics, the metric function can be written as
f(r) = 1− 2
r
G2(M, q, r) . (54)
If we want to recover the Reissner-Nordstro¨m solution in the weak field limit,
we can not write the function G2 in terms of powers of a certain nonlinearity
parameter γ, because it is unavoidable that it appears in the term proportional
to 1/r when we make the expansion for f(r), where f(r) becomes
f(r) = 1− γ 2M
r
+ γ2
q2
r2
+O
(
1
r3
)
. (55)
This is related to the fact that the parameter must be added in the function H(P )
and not in the metric function (see Appendix for details). For this reason we can
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not write the respective first law of thermodynamics in terms of a nonlinearity
parameter for metric that have the form given by Eq. (54).
Black hole solutions (34), (37) are special cases. In the first one the parameter
α is a factor that multiplies a function similar to G1, but which does not depend
on a non-linear parameter. And in the second the function is also similar to G1,
although it has only one term, which is proportional to 1/rs.
7 Conclusions
In this paper we have derived a new Smarr-type formula for black holes in non-
linear electrodynamics. We started the derivation with the Komar integral and
obtained a formula which looks similar to the Smarr formula for black holes
in Maxwell’s electrodynamics plus and additional term. The additional term is
related to the non-zero trace of the energy-momentum tensor of the theory of
non-linear electrodynamics considered. We have applied the derived formula for
several well known black hole solutions.
An interpretation of the additional term in the derived formula is given. A
detailed discussion is also included as to how the Dominant energy condition and
the Weak energy condition plays a role in the inequalities arrived for some of the
black holes for the Smarr formula.
A Proof of inequality (19) for the Born-Infel
black hole solution
0.0
0.5
1.0
q
0.0
0.5
1.0
1.5
2.0
r
0.0
0.2
0.4
0.6
BHrL
Figure 3: Graph of B(r) vs r for 0 ≤ q ≤ 1.03M and b = 1.
We can show the inequality (19) for the Born-Infeld black hole solution in
a numerical way considering B(r) defined by Eq. (32). Figure 3 shows clearly
that B(r) > 0, even when r 6= rh, and since M = 2TS + ΦHq − BHb, then the
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inequality is fulfilled. We obtain the same conclusion for other values of b. Note
that q = 1.03M corresponds to the case of extremal black hole for b = 1.
B Nonlinearity parameter and regular charged
black holes
Let us consider H(P ) for the regular black hole solution given by Eq. (18). Now
we introduce arbitrary constants a1, a2 and a3, some of which could serve as a
nonlinearity parameter
H(P ) =
a1P
(a2 + a3Ω (−P )3/4)4/3 , (56)
where
P = − q
2
2r4
(57)
and
Ω =
23/4q9/2
8M3
. (58)
Using the relation
dm(r)
dr
= −r2H(P ) , (59)
of the F-P dual formalism, we obtain the respective mass function
m(r) =M
a1
a2
(
1
a
1/3
3
− q
2
(a3 q6 + 8 a2M3r3)1/3
)
, (60)
If we take the weak field limit, the following expansion is obtained for the
metric function
f(r) = 1− a1
a2 a
1/3
3
2M
r
+
a1
a
4/3
2
q2
r2
− a3
a2
q8
24M3r5
+O(r−8) . (61)
In all the terms of higher orders there is a power of a3/a2. From here, it is now
straightforward to see that in order to obtain the Reissner-Nordstro¨m solution
in the weak field limit it is imperative that a1 = a
4/3
2 , and therefore a2 = a3.
Accordingly, if we want to recover the Reissner-Nordstro¨m solution in the weak
field limit, it is not possible to include a nonlinearity parameter in the function
H(P ).
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